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1. INTRODUCTION
Darcy’s law for a single phase flow in a porous medium states that
kV p, where V is the fluid velocity, p is the fluid pressure,  is the

fluid viscosity, and k is the porous medium permeability. For two-phase
flows, V k  p , i 1, 2, where the relative permeabilities k nowi i i i i
depend on u and u , the saturations of both fluids. Since u  u  1, we1 2 1 2
Ž . Ž .may write u  u and k  k u , i 1, 2. Moreover, p  p  p u ,1 i i 1 2 c
where the capillarity pressure p is a known function of u. A usualc
Ž .procedure to determine the relative permeability curves k u is thei
following. Water is injected at the inlet of the core, initially filled with oil,
and the oil flux is measured at the outlet. Then the inverse problem of the
Ž .permeability determination is hopefully solved. The two-phase evolution
Ž .is modeled by the equation for the oil saturation u x, t ,
u  f u   u  0 t 0, 0 x 1, 1.1Ž . Ž . Ž .x x xt
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Ž .with appropriate boundary conditions. Here, the function f u depends on
k , k and satisfies1 2
f  0, f 0  0, f 1  1, 1.2Ž . Ž . Ž .
Ž .and the function  u depends on k , k and p and satisfies1 2 c
 0  0,  0   1  0,  u  0 for 0 u 1.Ž . Ž . Ž . Ž .
1.3Ž .
  Ž .For more details, see 7, 9 . Thus 1.1 is a doubly degenerated nonlinear
parabolic equation. If we neglect the capillarity pressure effects, then
Ž . 0 and 1.1 reduces to the BuckleyLeverett equation. In this case,
the inlet boundary condition
u t , 0  0 1.4Ž . Ž .
Ž Ž .. Ž .is equivalent to the flux condition f u t, 0  0. 1.4 has been considered
  Ž .even for  0; see 3, 6, 9 and the references therein. Since  0  0,
Ž .1.4 formally implies the flux condition
f u   u t , 0  0. 1.5Ž . Ž . Ž . Ž .x
At the outlet boundary x 1, we consider the usual condition
f u   u t , 1 	 1 and u f u   u  1 t , 1  0.Ž . Ž . Ž . Ž . Ž . Ž .Ž .x x
1.6Ž .
Ž .The first condition in 1.6 means that the oil flux is not greater than the
Ž .total flux, while the second means that due to capillarity effects oil has
 the priority of coming out of the core. See 3, 6 for more detail.
In this work we consider the two problems
u  f u   u  0 in 0,  ,Ž . Ž . Ž .x x xt
f u   u t , 0  0 for t 0,Ž . Ž . Ž .x
f u   u t , 1 	 1 andŽ . Ž . Ž .x 1.7Ž .
u f u   u  1 t , 1  0 for t 0,Ž . Ž . Ž .Ž .x
u 0, x  u x in  ,Ž . Ž .0
and
  f      0 in 0,  ,Ž . Ž . Ž .x x xt
 t , 0  0 for t 0,Ž .
f     t , 1 	 1 andŽ . Ž . Ž .x 1.8Ž .
 f      1 t , 1  0 for t 0,Ž . Ž . Ž .Ž .x
 0, x  u x in  .Ž . Ž .0
INFLUENCE OF BOUNDARY CONDITIONS 81
The main contribution of our work is to show that they are different for
Ž .certain  0 and that the problem 1.7 is in fact more relevant than the
Ž . Ž .problem 1.8 see Remark 1.2 below .
We begin by recalling the existence and uniqueness result for the
Ž . Ž . Ž .problem 1.8 . In addition to 1.2 , 1.3 , assume that
1   2  f
 C 0, 1 , 
 C 0, 1 ,Ž . Ž .
1.9Ž .11f is Holder continuous of exponent ,¨ 2
and set
u' u   s ds. 1.10Ž . Ž . Ž .H
0
  Ž .In 9, Propositions 2.4 and 2.5 it is shown that 1.8 has a unique solution
 1Ž . Ž . 4  Ž .in the following sense. Let V u
H  , u 0  0 , K u
 V, u 1
4 Ž . 0 . Given u 
 L  , 0	 u 	 1 a.e. in , there exists a unique0 0
Ž . 2Ž . . Ž . Ž . Ž . 
 C 0, , L  such that 0	 	 1 a.e. in 0, ,   ,  weak
2 Ž . . 2 Ž . . Ž Ž .. Ž . Ž .
 L 0, , V ,  
 L 0, , V * ,   t 
 K a.e. in 0, ,  0  uloc t loc 0
and satisfying
1² : , w    f     w  Ž . Ž . Ž . Ž .Ž .Ž .H x xt V *, V
0
w 1    t , 1 	w
 K , 1.11Ž . Ž . Ž . Ž .
for a.a. t 0.
Ž . Ž . Ž .Under the same hypotheses 1.2 , 1.3 , and 1.9 , an analogous existence
˜Ž . and uniqueness result holds for 1.7 . More precisely, define K u

1Ž . Ž . 4 Ž .H  , u 1  0 . Given u 
 L  , 0	 u 	 1 a.e in , it follows that0 0
Ž . 2Ž . .there exists a unique u
 C 0, , L  such that 0	 u	 1 a.e. inweak
Ž . Ž . Ž . 2 Ž . 1Ž .. 2 Ž . Ž 1Ž .. .0, ,  u ,  u 
 L 0, , H  , u 
 L 0, , H  * ,loc t loc
˜Ž Ž .. Ž . Ž . u t 
 K a.e. in 0, , u 0  u and satisfying0
1
1 1² :u , w  u  f u   u w  uŽ . Ž . Ž . Ž .Ž .Ž .HŽ . x xH *, Ht
0
˜w 1   u t , 1 	w
 K , 1.12Ž . Ž . Ž . Ž .
Ž .for a.a. t 0. See the Appendix.
We now state our main results, which will be proved in the next section.
Ž . Ž . Ž .THEOREM 1.1. Assume 1.2 , 1.3 , and 1.9 . Assume further that there
exists u 0 such that
2   u  u for u
 0, u . 1.13Ž . Ž .
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Ž . Ž Let u 
 L  , 0	 u 	 1 a.e. in . If there exist x 
 0, 1 and 0 
	0 0 0
Ž . Ž .1 such that u x  
 for a.a. x
 0, x , then the following properties hold.0 0
Ž . Ž . Ž .i If u is the solution of 1.7 , then for eery 
 0, x , there exists0
Ž . Ž .    t  0 such that u t, x  
2 for t, x 
 0, t  0, x   .0 0 0
Ž . Ž .ii If  is the solution of 1.8 , then there exist t  0, x  0, c 0,1 1' 'Ž . Ž . Ž . Ž .    and C t  0 erifying c x	 t, x 	 C t x for t, x 
 0, t  0, x .1 1
Remark 1.2. It follows from Theorem 1.1 that if u is strictly positive0
Ž . Ž .near x 0, so is the solution u t, x of 1.7 for small time t. In particular,
Ž . is not a solution of 1.7 . The behavior of  explains why this is so. Since
2' Ž . Ž .  C x near x 0,      0 at x 0 for small t. More pre-x x
Ž .cisely, it follows from Theorem 1.1 ii that for almost all t small enough,
 Ž . Ž . Ž .lim sup f     t, x  0; that is, oil is going out of the core atx 0 x
Ž . Ž .the inlet boundary. This indicates that 1.7 is more adequate than 1.8 to
model the displacement of oil by water in a porous core.
Our next results, Theorems 1.3 and 1.4, show how the asymptotic
Ž . Ž . Ž .behavior of  t and u t as t  depends on the behavior of f u near
u 0.
Ž . Ž . Ž . Ž .THEOREM 1.3. Assume 1.2 , 1.3 , 1.9 , and 1.13 and suppose f

2Ž . Ž . Ž .C 0, 1 . Let u 
 L  , 0	 u 	 1 a.e. in , and let  t, x be the0 0
Ž .corresponding solution of 1.8 .
Ž . Ž . Ž .i If f  0  0, then there exists t  0 such that  t, x  0 for all0
x
 and all t t .0
Ž . Ž .ii If f  u 	 Ku for some K 0 and if u  0 then there exist0
1 1Ž .' 't , c, C 0, such that ct x 1 x 	 t, x 	 Ct x 1 x for tŽ . Ž .1
t .1
Ž . Ž . Ž . Ž .THEOREM 1.4. Assume 1.2 , 1.3 , 1.9 , and 1.13 and suppose f

2Ž . Ž . Ž .C 0, 1 . Let u 
 L  , 0	 u 	 1 a.e in , and let u t, x be the0 0
Ž .corresponding solution of 1.7 .
Ž . Ž . Ž .i If f  0  0, then there exists t  0 such that u t, x  0 for all0
x
 and all t t .0
Ž . Ž .ii If f  u 	 Ku for some K 0 and if u  0 then there exist0
1 1' 'Ž .t , c, C 0, such that ct 1 x	 u t, x 	 Ct 1 x for t t .1 1
Remark 1.5. Here are some comments concerning the assumptions in
the above results.
Ž . Ž .i The assumption 1.13 is considered here for simplicity. We did
not strive to prove similar results under the more general assumption
Ž . 0  0, although we believe they would follow from analogous but
slightly more complicated proofs.
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Ž . Ž . Ž .ii Note that there is a gap between the assumptions in i and ii of
Theorems 1.3 and 1.4. For example, we do not know what happens if
Ž . pf u  u with 1 p 2.
We finally recall some related results. The Cauchy problem for the
Ž . Ž .equation 1.1 with possibly non-homogeneous Dirichlet boundary condi-
 tion has been considered by several authors; see for example 4, 8, 10, 11 .
The asymptotic behavior in the purely diffusive case f 0 has been
discussed for both the Dirichlet and flux boundary conditions, in the more
general N-dimensional case. In the case of the flux condition, it is shown
 in 1 that the solution u converges to a constant. For the Dirichlet
Ž . m  condition and  s  s , it is shown in 2 that the solution u behaves as
1Žm1. Ž m.t  like t w where w is the nontrivial solution of  w 
Ž .2m 1 w 0.
2. PROOFS
It will be useful for technical reasons to extend the functions f and  to
the real line by setting
0 u	 0,0 u	 0,   u 0	 u	 1,Ž .f u 0	 u	 1,f u   u Ž .Ž . Ž .  1 u 1,Ž .1 u 1,
Ž . 1Ž  4. 1Ž . 2Ž  4.so that in particular f
 C   C   0 and 
 C   C   0 .
The proofs of our results rely on a systematic use of appropriate sub-
and supersolutions. The relevant maximum principles that we use are
given in the Appendix at the end of this paper.
2Ž . Ž . Ž .Proof of Theorem 1.1 i . Fix 
 0, x and let u 
 C  be such˜0 0
that u  
 if 0 x x   , u  0 if x x and u 	 u . Fix A 0˜ ˜ ˜0 0 0 0 0 0
to be chosen large enough later, and let

 

 , t  .04 4 A
Ž . Ž .We set  t  
  At for 0	 t	 t , so that 0 
2	  t 	 
 0
Ž . Ž . Ž . Ž . 1. Setting g s  f s  s  0 for s
 0, 1 , it follows that
sup g  t  g   t M .Ž . Ž .Ž . Ž .
0	t	t0
2Ž . Ž . Ž .Fix a function q x 
 C  such that 0	 q	 1, q x  0 if x	 x , and0
Ž .q 1  1. Finally, let
8 M
k ,


CAZENAVE AND DICKSTEIN84
and set
1 ek x
w t , x  u x   At g  tŽ . Ž . Ž .Ž .˜0 k
A 1 ek
  t g  t q x .Ž . Ž .Ž .ž /2 k
Ž . Ž . Ž .We claim that w is a subsolution of 1.7 and that w 0 	 u 0 . Since for
  Ž .x
 0, x   , w t, x  
  At  
2, the result follows from0 0
Proposition 3.7.
 Ž . Ž . Ž .We now prove the claim. Note that f w   w w t, 0  0 andx
A
Ž .w t, 1  t	 0, for 0	 t	 t . Also,02
M
w 0, x 	 u x   1 q x 	 u x .Ž . Ž . Ž . Ž .Ž .˜ ˜0 0ž /k
Next, we see that
M M
 At  	 w t , x 	 
  ,Ž .0 k k
  so that w 	 
	 1. Calculating w and w , we obtain easilyL x x x
M

 	 	    w u M 
 q ,˜ L Lx 0 ž /k
M

 

 	 	    w u  kM 
 q .˜ L Lx x 0 ž /k
This implies that
sup f w   w 	 K , 2.1Ž . Ž . Ž .x x x
 0, t 0
Ž   2, .where K is independent of A but K depends on  , via u . Finally,˜ W0
1 ek x 1 1 ek
w A A g   t  Aq x  g   tŽ . Ž . Ž .Ž . Ž .t ž /k 2 k
M 1 M A
	A A  A  	 .ž /k 2 k 4
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Ž .Applying 2.1 , it follows that
A
w  f w   w 	 K .Ž . Ž .t x x x 4
Since K is independent of A, we may now choose A large enough so that
Žthe right-hand side is nonpositive. This proves the claim see Remark 3.6
Ž ..ii .
Ž .Proof of Theorem 1.1 ii . We proceed in five steps. In the first step, we
establish the lower estimate. Next, we prove the upper estimate: we begin
14 'with an estimate in x , which we improve in x , and finally we show that
such an estimate is preserved as time increases.
Ž Ž ..Step 1 proof of the lower estimate of ii . Let 0 a	 
 , b 0, and
2Ž . Ž .t  a2b. Consider h
 C 0, 1 , h 0 on 0, x such that1 0
x0 12 23x  x for 0	 x	 ,
3
 2 x0h x  3Ž . x  x for 	 x	 x ,Ž .0 03  0 for x
 x , 1 ,0
Ž . Ž . Ž .and set w t, x  a bt h x for x
 and 0	 t	 t . Suppose finally1
Ž . 2 Ž Ž ..that a is small enough so that  w  w see 1.13 . We claim that if b
Ž . Ž .is large enough, then w is a subsolution of 1.8 and that w 0 	 u . The0
a 12Ž . Ž .result follows from Proposition 3.7, since w t, x  x on 0, t 12
Ž .0, x 3 .0
Ž . Ž .We now prove the claim. We first observe that w t, 0  w t, 1  0 and
Ž . Ž . Ž .that w 0, x  ah x 	 
h x 	 u . Next, we have0
w  f w   w bh x  f  w a bt h xŽ . Ž . Ž . Ž . Ž . Ž .t x x x
2 2 2 a bt h x  h x h x . 2.2Ž . Ž . Ž . Ž . Ž .Ž .
71 212 13 2 56Ž .For x	 x 3, we have h x  x  x and h  hh  x0 2 3 36
2 23 x ; and so, for t	 t ,19
1 2
12 13
 w  f w   w 	 a f  x  xŽ . Ž . Lt x x x ž /2 3
a2 7 2
56 23 x  x .ž /2 36 9
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We deduce that there exists 0 	 x 3 such that0
w  f w   w 	 0 on 0, t  0,  .Ž . Ž . Ž . Žt 1x x x
Ž . 2Since h 0, h x 	 0 and h  hh  0 for x 2 x 3, it follows that0
2 x0
w  f w   w 	 0 on 0, t  , 1 .Ž . Ž . Ž .t 1x x x /3
Ž . 	 Ž . 	 	 Ž . 	 2Finally, for 	 x	 2 x 3, we have h x   0 and h x  h x 0
	 Ž . Ž . 	 Ž     2 .h x h x M . Therefore, if b a f  2 a M, thenL
   2w  f w   w 	b a f  M 2 a M	 0Ž . Ž . Lt x x x
2 x0
on 0, t   , .Ž .1 3
Ž . Ž . Ž . Ž .It follows that w  f w   w 	 0 on 0, t  0, 1 . This proves ourt x x x 1
Ž Ž ..claim see Remark 3.6 iv .
Ž . 14Step 2. There exist t 0 and constants C such that  t , x 	 C x .n n n n' 2Ž .   Ž .Indeed, note that if 
 V, then  x 	 x  . Applying 1.13 , itLx
Ž . 14  Ž . 112 Ž . Ž .follows that  x 	 Cx   if   
 V. Since   
H
2 Ž . . 4 Ž ..L 0, , V , we deduce that there exists a function 
 L 0, suchloc loc
Ž . Ž . 14 Ž . Ž .that  t, x 	  t x for a.a. t, x 
 0, .
Ž . 14Step 3. If u x 	 Cx for some constant C 4, then there exists0
Ž12.'Ž . Ž .  C  0 such that  t, x 	 Ct x for 0 t	  . Let b 1, 
1 and let
2b
'x
w t , x  C ,Ž . ''t 1 bt xŽ .
Ž .for x
 and 0	 t	  . We claim that w is a supersolution of 1.8 and
12'Ž . Ž . Ž .that w 0  0 , provided b is large enough. Since w t, x 	 Ct x ,
the result follows from Proposition 3.7.
Ž . Ž . ŽTo prove the claim we first observe that w t, 0  0, w t, 1  C 1
12 14Ž . . Ž . Ž .b 1 t  C 1, and w 0, x  Cx  u x . Next,0
C 2 tx12  1 btŽ .
w t , x   0 2.3Ž . Ž .x 324 't 1 bt xŽ .Ž .
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and
C
w t , x Ž .x x 5232 '16 x t 1 bt xŽ .Ž .
22 ' 4 t  10 t 1 bt x  3 1 bt x 	 0. 2.4Ž . Ž . Ž .Ž .
Ž . Ž . Ž . Ž .Note that it follows in particular from 2.3 and 1.2 that f w  f  w wx x
Ž . 0. Therefore, we need only show that w   w  0. Since clearlyt x x
14 2'Ž . Ž . Ž Ž .. Ž .w t, x 	 C 2 x , it follows from 1.13 that  w t, x  w t, x for
4 4 Ž . Ž x	  u4C . Therefore, on 0,   0,  ,
w   wŽ . x xt
C
 3'2 t 1 bt xŽ .Ž .
C 3212 ' ' 1 bt 3tx  1 bt  x t 1 bt x .Ž . Ž . Ž .Ž . Ž .
2
32' 'Ž Ž . .Since t	 12 and x	 14, we have x t 1 bt x 	 12, and
since 1 bt 12, we deduce that
C C 1
w   w    0.Ž . x xt 3 8 2'2 t 1 bt xŽ .Ž .
Ž . Ž .  .Next, we show that w   w  0 on 0,    , 1 . Indeed, notet x x
2Ž . Ž .that  0 and w 	 0, so that  w 	  w w . Setting Mx x x x x
Ž .sup  u , we deduceu
 Ž0, 1.
C
2w   w  w Mw Ž . x xt t x 3'2 t 1 bt xŽ .Ž .
32 2' MC 1
 b 1   1 .Ž . ž /ž / '2 8 b 
1Ž . Ž . Ž .Therefore, w   w  0 in 0,   , 1 , if b is large enough. Itt x x 2b
Ž Ž ..follows that w is a supersolution see Remark 3.6 iii , which proves the
claim.
'Ž . Ž .Step 4. If u x 	 C x , then there exists a constant K K C such0' 'Ž . Ž .that  t, x 	 K x for all t 0. Indeed, since u x 	 C x it follows that0
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Ž Ž .. Ž . Ž . u x 	Mx, for some constant MM C . Let w x be defined by0
Ž Ž .. Ž . Ž . Ž . w x Mx for x	  1 M and w x  1 for x  1 M. It follows
Ž . Ž . Ž . Ž . Ž . Ž . Ž .that w 0  0, w 1  1, u x 	 w x , f w  f  w w  0, and  w0 x x x x
Ž . Ž Ž ..	 0. Therefore, w is a supersolution of 1.8 see Remark 3.6 iii . Since
'Ž . Ž .w x 	 K x for some constant K K M , the result follows from Propo-
sition 3.7.
Ž Ž .. Ž . Ž .Step 5 proof of the upper estimate of ii . Let t and C ben n 0 n n 0
the sequences constructed in Step 2. Applying Step 3 with u replaced by0
Ž . Ž . Ž .u t , we deduce that there exists a sequence   0, such thatn n n 0
12'Ž .  0 as n  and  t   , x 	 C  x . Finally, it follows fromn n n n n
Ž Ž ..Step 4 applied with u replaced by u t   that there exists a se-0 n n 'Ž . Ž .quence K such that u t    t 	 K x for all t 0. Sincen n 0 n n n
Ž .t    0 as n , this proves ii .n n
Before proceeding to the proof of Theorem 1.3, we make the following
remark.
Ž .Remark 2.1. Let u 
 L  , 0	 u 	 1 a.e., and let  be the corre-0 0
Ž .  Ž .  Ž .sponding solution of 1.8 . Note that  t  0 and that  t, 1  0L t
Ž .for t large see Corollary 3.10 . Therefore, we can make the following
observations.
Ž .  Ž . i There exists t  0 such that  t 	 u for all t t , whereL0 0
Ž .u is given by 1.13 . In particular,  satisfies the equation
  f    2  0,Ž . Ž .x x xt 2.5Ž .
 t , 0  t , 1  0.Ž . Ž .
Note also that u may be chosen arbitrarily small, and that we may modify
 f outside the interval 0, u .
Ž . Ž .ii Note that for the equation 2.5 there is a maximum principle as
Ž .for the equation 1.8 . In particular, let  be sufficiently smooth and satisfy
Ž . Ž 2 . Ž . Ž . Ž . Ž .  f    	 0,  t, 0 	 0,  t, 1 	 0, and  0, x 	 0, x . Itt x x x
Ž . Ž . Ž .follows that  is a subsolution of 1.8 , and thus  t 	 t for all t 0.
2Ž . Ž .Similarly, let  be sufficiently smooth and satisfy   f     0,t x x x
Ž . Ž . Ž . Ž . t, 0  0,  t, 1  0, and  0, x  0, x . It follows that  is a superso-
Ž . Ž . Ž . Ž .lution of 1.8 , and thus  t  t for all t 0. Compare the Appendix .
Ž . Ž .iii We may not use immediately the observation i above for the
Ž . Ž .proof of the lower estimate of property ii of Theorem 1.3. Indeed,  t
Ž .might vanish at the time when  t, 1 vanishes, so that we might have
Ž . t  0 for t t . However, we still may assume that there exists t  00 0
 Ž .  Ž . Žsuch that  t 	 u for all t t and  t  0. Consider for exam-L 0 0
  Ž .  4 . Ž .ple t  inf t 0;  t 	 u . Consider the solution  of 2.5 with˜L0
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Ž . Ž . Ž .the initial value  t  t . Since  is clearly a supersolution of 2.5 , we˜ 0 0
Ž . Ž .have  t  t for t t , so that we need only show the lower estimate˜ 0
Ž . Ž .for  . Therefore, we may assume that  satisfies 2.5 and that  0  0.˜
Ž . Ž . Ž .Proof of Theorem 1.3 i . Since f  0  0, it follows that f  u  0 for
Ž .u 0 sufficiently small. By Remark 2.1 i , we may assume that there
exists M 0 such that
f  u M for u 0. 2.6Ž . Ž .
Consider
 223w t , x  C 12 t  x x t .Ž . Ž . Ž .Ž .ž /0C 12 t
If x is constant, w is a family of solutions of the porous medium equation0
Ž 2 . Ž  .u  u  0, the so-called Barenblatt solutions see for example 13 .t x x
Ž . Ž .We introduce the function x t in order to control the term f u . Here0 x
Ž .  4we take x t  1Mt. It follows that on the set w 0 ,0
2 x  xŽ .02w  f w  w  f  w M  0,Ž . Ž . Ž .Ž .x x xt C 12 t
23Ž . Ž . Žby 2.6 . Choosing for example C  4, we see that w 0, x  4 
2 Ž . . Ž .x 1  1. Therefore, w is a supersolution of the equation 2.5 , so
Ž . Ž . Ž Ž .. Ž .that w t  t for all t 0 see Remark 2.1 ii . Since w t  0 for t
Ž .large, property i follows.
Ž . Ž .Proof of Theorem 1.3 ii . We apply Remark 2.1 i in the proof of the
Ž .upper estimate and Remark 2.1 iii in the proof of the lower estimate. We
Ž . Ž .proceed in five steps. In the first step we show that u t , x   x 1 x0
Ž . 12Ž .12for some t  0, then we show in Step 2 that u t , x   x 1 x0 1
for some t  0, and finally we deduce in Step 3 the lower estimate. We1
Ž . 12Ž .12then show in Step 4 that u  , x 	 Cx 1 x for some t  0, and0 0
we deduce the upper estimate in Step 5.
Ž .Step 1. If u  0, then there exists  0 and t  0 such that  t , x0 0 0
Ž . Ž . 2Ž .  x 1 x . To see this, we note that, since  t  u in L  weak as0
Ž . Ž . Ž .t0, there exists s 0 such that  s  0; and since  s 
 C  , there
Ž .  4 Ž . exist x 
 0, 1 and min x , 1 x such that  s, x  0 in x 0 0 0 0
 Ž . , x   . By time translation, we may assume s 0, so that u x  0 in0 0
  Ž . x   , x   . Fix  0 small enough so that u x   in x 0 0 0 0
 , x   . We now consider the perturbation of the Barenblatt solutions0
 Ž . 24 6Kw t , x   g t  x x ,Ž . Ž . Ž .ž /0g tŽ .
Ž . Ž . Ž .where g t  1 12 2 K  t. We claim that w is a subsolution of 2.5 ,
12 Ž .2Ž6K .  4 Žfor t	 t where  g t min x , 1 x i.e., as long as the0 0 0 0
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Ž ..support of w is contained in 0, 1 . Indeed, w 0 on  for t	 t . Using0
K 2	 Ž . 	 	Ž . 	that f w w , it follows from an elementary calculation thatx x2
Ž . Ž 2 . Ž . Ž .w  f w  w 	 0, which proves the claim. Since w 0, x 	 u x ,t x x x 0
Ž . Ž . Ž Ž ..we obtain in particular that  t  w t see Remark 2.1 ii .0 0
Ž .  Suppose first that x  12. Since supp w t  0, 1 , we see that0 0
Ž . Ž .w t , x   x 1 x for some  0, which shows the desired estimate.0
Ž .Suppose now for definiteness that x  12. We deduce that  t 0 0
Ž . Ž .w t  0 on 0, 2 x . If 2 x  12, we may repeat the above argument0 0 0
Ž .with u replaced by u t and x replaced by 12, so that there exists0 0 0
Ž . Ž .t  t and  0 such that  t , x   x 1 x . If 2 x 	 12, we repeat1 0 1 0
Ž .the argument with u replaced by u t and x replaced by 2 x 3. We0 0 0 0
Ž . Ž .deduce that there exists t  t such that u t  0 on 0, 4 x 3 . There-1 0 1 0
fore, we see that in a finite number of steps we are reduced to the case
x  12. This proves the result.0
Ž . 12ŽStep 2. There exist t  0 and  0 such that  t , x   x 11 1
.12 Ž .x . By Step 1, we may assume without loss of generality that u x 0
Ž . x 1 x . We claim that
1212 t , x  tx 1 x , 2.7Ž . Ž . Ž .
for t small enough. To see this, we consider
 1212w t , x  x 1 x  tx 1 x .Ž . Ž . Ž .
1 
 t
Ž . Ž .It is clear that w 0 	 u . We now show that w is a subsolution of 2.5 for0
Ž Ž .
 large enough and t small enough which proves 2.7 , see Remark 2.1
Ž .. Ž . Ž . Ž .ii . w t, 0  w t, 1  0, so that we need only verify that w  f w t x
Ž . Ž . w 	 0. Since w t,  is symmetric with respect to x 12 and in-x x
Ž . Žcreasing over 0, 12 , it suffices to consider 0 x	 12. The case
Ž . . Ž . Ž .12	 x	 1 is easier because f w 	 0. Setting  x  x 1 x , wex
have
w  f w   wŽ . Ž .t x x x
24 6 t
2 12 12 2 t     2 1 
 t1 
 tŽ .
 t
12f  w   Ž . ž /1 
 t 2
2
 2 3 t
2 12 2     2 2 2 1 
 tŽ .1 
 t 1 
 tŽ . Ž .
 A B.
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 4 Ž .Suppose t	min , . Since 	 1, 	 1, and f  u 	 Ku we have
4 '2 K
that
 t 11K 2  2
12 12f  w    	   .Ž . ž /1 
 t 2 8 8
Therefore,
 2 11 2 11K 2
12A	  1   .ž /4 2 8
1On the other hand, for t	 ,



  2
2B   .
4 2
Ž .Let 0  12. For x
 0,  , we have
 2 11 2 11K 2  212 2A	  1    and B   .Ž . Ž .ž /4 2 8 2
Ž . 2Ž .Since  0  0 and  0  1, we may choose  small enough so that
Ž .A	 B on 0,  . Such a  being fixed, we have
 2 11 2 11K 2 

A	  1  and B   ,Ž .
4 2 8 4
Ž .on  , 12 and so we may choose 
 large enough so that A	 B on
  1Ž . Ž . Ž . Ž . , 12 . Therefore, w  f w   w 	 0 for t	min , , , andt x x x 4 
'2 K
the result follows.
Ž Ž ..Step 3 proof of the lower estimate of ii . By Step 2, we may assume
Ž . Ž .'that there exists 0 a 1 such that u x  a x 1 x . Let w t, x Ž .0
Ž .1Ž Ž .12 Ž .23. Ž . Ž .c 1 t  x   x , where  x  x 1 x and 0 c	 a.
Ž . Ž . Ž .Then w 0, x 	 u and w t, 0  w t, 1  0 for t 0. We claim that if c0
Ž . Žis small enough, then w is a subsolution of 2.5 which proves the desired
Ž .. Ž .result; see Remark 2.1 ii . We note that, since w t,  is symmetric with
Ž .respect to x 12 and increasing on 0, 12 , it suffices to consider
Ž  Ž . Ž . 2Ž .2x
 0, 12 . See Step 2. We have that f w 	 c 1 t E, wherex
1 7 2
16 13E K  4  4 .ž /2 6 3
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Furthermore,
c2 4 23 22w   x 1 2 x D ,Ž . Ž .Ž . x x 2 ž /91 tŽ .
where
14 8
16 13D 2 4  4 .ž /3 3
Therefore,
w  f w  w2Ž . Ž .t x x x
122c  x 4Ž . 23 2	   E  x 1 2 x D . 2.8Ž . Ž . Ž .2 ž /c 91 tŽ .
Let 0 	 12 be such that
4 23 2
 x 1 2 x  ED if x	  . 2.9Ž . Ž . Ž .
9
 being fixed, we can find c 0 small enough so that
12
 x 4Ž . 23 2  E  x 1 2 x D	 0 if 	 x	 12.Ž . Ž .
c 9
2.10Ž .
Ž . Ž . Ž . Ž 2 .Using 2.8 , 2.9 , and 2.10 , it follows that w  f w 	 0. This provest x x
Ž .our claim, and establishes the lower estimate of ii .
Ž . 12ŽStep 4. There exist t  0 and  0 such that  t , x 	  x 10 0
.12 1Ž .x . We first observe that, for every function 
H  , we have0
	 Ž . 	   2 12Ž .12 Ž . 2 2 Ž . 1Ž .. x  x 1 x . Since    
 L 0, , H  , weLx loc 0
Ž . Ž .deduce that for almost all t 0, there exists c t such that u t, x 	
Ž . 14Ž .14c t x 1 x in . Therefore, we may assume without loss of gener-
Ž . 14Ž .14 Ž .ality that u x 	 Cx 1 x for some constant C 1. Let  x 0
Ž .x 1 x and set
' xŽ .
w t , x  C ,Ž . 't 1 bt  x' Ž . Ž .
for t	 12b. We claim that if b 1 is large enough, w is a supersolution
12Ž . Ž . Ž . 'of 2.5 . Since w 0  u and w t 	 Ct  , the result follows from0
Ž .Remark 2.1 ii .
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We now prove the claim. The boundary condition is clearly satisfied.
Ž . Ž .'Next, setting  t, x  t 1 bt  x , we haveŽ .
2C 2
2 32 12 2'w  w  b    2 t  1 bt  Ž . Ž . Ž .Ž .x xt 3 C4
4 t   .Ž .
It follows that
2C 2
2 12 12 2'w  w  b    1 bt    4 .Ž . Ž .Ž .x xt 2 C4
14 12'Note that  	 2  , so that
2 'C 2b 2 2
2 12 12 2w  w    1 bt    4  .Ž . Ž .x xt 2 ž /C C4
Since C 1 and 12	 1 bt	 1, we thus obtain
2C b 1
2 54 12 2w  w      .Ž . x xt 2 C 24
K 2 2 2	 Ž . 	 	Ž . 	On the other hand, f w w 3KC 4 . Therefore,x x2
2C b 1
2 54 12 2w  f w  w       3K ,Ž . Ž .x x xt 2 C 24
and it is clear that the right-hand side is positive for b sufficiently large.
Ž Ž ..Step 5 proof of the upper estimate of ii . By Step 4, we may assume
Ž . 12Ž .12without loss of generality that u x 	 Cx 1 x for some positive0
constant C. Set
e K x  1
 x  x ,Ž . Ke  1
Ž . Ž . Ž .so that there exist 0 a A  such that ax 1 x 	  x 	 Ax 1 x
for x
. Set now
12Ca 'w t , x   x .Ž . Ž .
1 bt
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Ž .It follows in particular that w 0  u . We claim that we may choose0
Ž .b 0 small enough so that w is a supersolution of 2.5 . The result then
Ž .follows from Remark 2.1 ii .
2Ž . Ž . Ž .We now prove the claim. Note that f w  f  w 2w w , so thatx x
2w  f w  wŽ . Ž .x x xt
2C a f  w bŽ . '   K   K    .x x x x2 12ž /2w Ca1 btŽ .
Since   K  K and 	 A, it suffices to show thatx x x
12f  w bAŽ .
K  	 K . 2.11Ž .x 12ž /2w Ca
K KŽ . Ž . Ž .Clearly,  	 e  1 K  e  1 and K f  w 2w K2 0, sox
that
K Kf  w f  w e  1 K e  1 KŽ . Ž .
K  	 K 	 K .x K Kž /2w 2w e  1 e  1
Ž .In particular, 2.11 holds if we choose b sufficiently small. Since the
boundary condition is satisfied, the claim follows.
Ž .Proof of Theorem 1.4 i . By the maximum principle, we need only
Ž . Žconsider the case u x  1. We observe that in this case see Corollary0
. Ž .  3.10 , u t, x is a nonincreasing function of t for all x
 0, 1 . Suppose
Ž . Ž .there exists t  0 such that u t , 0  0. It follows that u t, 0  0 for all0 0
Ž .t t . In particular, u satisfies 1.8 for t t , and it then follows from0 0
Ž . Ž .property i of Theorem 1.3 that u t  0 for t sufficiently large. There-
Ž .fore, we need only show that there exists t  0 such that u t , 0  0.0 0
Ž . Ž .Since f  0  0, there exists 0	   1 such that inf f    0.0 0    0
Given 0 	  , we define the function f by0 
f s 0	 s	  ,Ž .
f s Ž . ½ f   s  f   s  .Ž . Ž . Ž .
We claim that there exists C independent of  such that0
f sŽ . ' 'f t  	 C  t , 2.12Ž . Ž . 0s
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for 0	 s	 t. Indeed,
 4min  , t  ' ' 4f t  f s 	 f   d	 C min  , t 	 C  t . 2.13Ž . Ž . Ž . Ž .H 
0
Next,
f sŽ .  f sŽ .s
1  4  4min s ,  min s ,  4 f   d dmin s,  f   d ,Ž . Ž .H H Hž /s 0 0 0
so that
2 4f s min s, Ž .  ' ' f s 	 2 sup f   	 C  s . 2.14Ž . Ž . Ž .s s 0		1
Ž . Ž . Ž .2.12 now follows from 2.13 and 2.14 . Next, one verifies easily that
f s f sŽ . Ž .
inf min inf f  s , inf    0, 2.15Ž . Ž .0½ 5s s0 0s 0s0 0 0
0s1
f s f sŽ . Ž .
sup 	max sup f  s , sup    , 2.16Ž . Ž .0½ 5s s0 0s 0s0 0 0
0s1
sf s  f s sf  s  f sŽ . Ž . Ž . Ž . 
sup 	 sup  A  . 2.17Ž .02 22 s 2 s0 0s0 0
0s1
Ž . Ž . Ž .We now fix 
 0,  . Since u t  0 and u t, 1  0 for t suffi-0 t
Ž .ciently large see Corollary 3.10 , we may assume without loss of generality
that u satisfies the equation
u f u  u2  0,Ž . Ž .x x xt 
2.18Ž .
f u  u2 t , 0  0, u t , 1  0.Ž . Ž . Ž . Ž .Ž .x
Ž .Note that for the equation 2.18 , there is a maximum principle as for Eq.
Ž .1.7 . Given  0, we set
f a tŽ .Ž . 32w t , x  a t  x kx ,Ž . Ž .
2 a tŽ .
Ž . Ž .2for 0	 t	 1 , where a t  1  t and
1
k  . 2.19Ž .04
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Ž .We claim that w is a supersolution of 2.18 for t	 1 , provided  and 
Ž . Ž . Ž . Ž .are small enough. Note that w t, x  a t by 2.15 and 2.19 , so that
Ž . Ž . Ž .w 0, x  1 u 0, x . The result follows, since w 1 , 0  0.
Ž . Ž . Ž Ž .We now prove the claim. We have w t, 1  a t  0. Also, f w 
2 2Ž . .Ž . Ž . Ž .w t, 0  0, so that we need only show that w  f w  w  0.x t  x x x
We have
af  a  f aŽ . Ž . 2w  f w  w  a 1 xŽ . Ž .x x xt  2ž /2 a
f a f a 3Ž . Ž .  12 f w   kxŽ .ž / ž /a 2 a 2
3 9k f aŽ .2 12 12 6k x akx  x .
2 4 a
' Ž . Ž . Ž .Since a2 a , we deduce from 2.15  2.17 and 2.19 that
 f aŽ .0 2 'w  f w  w 2 1 A a  f w Ž . Ž . Ž . Ž .x x xt  0 2 a
3 3 20 012 12 ax  x .
8 16
Ž .We now apply 2.12 . Since w a, we obtain
2 ' 'w  f w  w  2 1 A   C  wŽ . Ž . Ž .Ž .x x xt  0 0 0
3 3 20 012 12 ax  x .
8 16
' ' 'Finally, we observe that w	 a  x, so that w	 a   x	'0 0
12 'Ž .ax  1  x . Therefore, we deduce from the above inequality' 0
that
2w  f w  wŽ . Ž .x x xt 
30 12'  2 1 A   C  axŽ .Ž .0 0 0ž /8
230 12'  1  2 1 A   C  x .Ž .' Ž .ž /0 0 0 0ž /16
It is clear that the right-hand side is positive for  and  small enough.
This completes the proof.
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Ž .Proof of Theorem 1.4 ii . We begin with some preliminary observa-
Ž . Ž .tions. If  denotes the solution of 1.8 , then u by Remark 3.8 ii .
Ž .Therefore, it follows from property ii of Theorem 1.3 that there exist
Ž .t  0 and c t  0 such that0
'u t , x  c t x 1 x 2.20Ž . Ž . Ž . Ž .
for t t . We may assume without loss of generality that t  0, so that0 0
Ž .2.20 holds for all t 0.
Next, arguing as in Remark 2.1, we may assume that u satisfies
u f u  u2  0,Ž . Ž .x x xt
2.21Ž .
2f u  u t , 0  u t , 1  0,Ž . Ž . Ž . Ž .x
Ž Ž .. Ž . Ž .'and using 2.20 u x  c x 1 x . Finally, note that for Eq. 2.21Ž .0
Ž .there is a maximum principle as for Eq. 1.7 .
Ž .We now proceed in four steps. We first show in Step 1 that u t , x 0'c 1 x for some t  0; then we deduce in Step 2 the lower estimate. In0
Ž .these two steps, we make use of property ii of Theorem 1.3. In Step 3, we
'Ž .show that u t , x 	 C 1 x for some t  0; then we deduce in Step 40 0
the upper estimate.
'Ž .Step 1. There exist  0 and c 0 such that u  , x  c 1 x for all
Ž . Ž .x
 0, 1 . We claim that u does not satisfy 1.8 . It follows that there exists
Ž . Ž . Ž . Ž . 0 such that u  , 0  0. Since u  
 C 0, 1 , we deduce that u  , x
Ž .  0 for x small, and the result follows from 2.20 .
We now prove the claim. We argue by contradiction and we suppose
Ž . Ž . Ž .that u satisfies 1.8 on 0, 1 . For 
 0, 1 , set
x1 for 0	 x	  x Ž .  
0 for 	 x	 1.
Ž . Ž .Letting w  u   in 1.12 , we obtain
1
1 1² :u ,   f u   u   0, 2.22Ž . Ž . Ž . Ž .Ž .Ž H .*, H H xt   x
0
1Ž .for a.a. t 0. We now observe that u 
 L  for a.a. t 0. Indeed, lett
  Ž .0  a  b  . It follows from 9, Proposition 2.6 that  u 

1, 2ŽŽ . 2Ž .. 2Ž .W a, b , L  . Therefore, there exists 
 L a, b such that
s
2 u t   u s 	   , d , 2.23Ž . Ž . Ž . Ž .Ž . Ž . HL
t
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Ž   .for a	 t	 s	 b. See for example 5, Appendix . Since u is small,
'2 2 32 'Ž . 	 Ž . Ž . 	  4 	 	' u  u . It follows that  x   y  c min x , y x y . By
3
Ž .2.20 , we deduce that
14
2 2 u t   u s  c x 1 x u t  u sŽ . Ž . Ž . Ž . Ž .Ž . Ž . Ž . Ž .L L
 c u t  u s , 2.24Ž . Ž . Ž .L
Ž . Ž . 1, 2ŽŽ .  Ž ..where 1  43. 2.23 and 2.24 imply that u
W a, b , L  ;
2ŽŽ .  Ž .. Ž .and so u 
 L a, b , L  . Therefore, we deduce from 2.22 thatt
1
u   f u   u   0,Ž . Ž . Ž .Ž .H H xt   x
 0
for a.a. t 0. Note that by dominated convergence, the first term of the
left-hand side goes to 0 as 0. Therefore,
1
f u   u  0.Ž . Ž .Ž .H x
 00
Ž Ž ..Since f u t, x  0 as x0, we deduce that
1 1
 u t ,    u  0.Ž . Ž .Ž . H x
  00
Ž . Ž Ž .. Ž .2 Ž .This is absurd, since by 2.20  u t,   c t  1  .
Ž Ž .. Ž .Step 2 proof of the lower estimate of ii . Note that in view of 2.20 ,
we need only an estimate of u for x small. By Step 1, we may assume that
'Ž . Ž .u x  c 1 x . Set h t  , where  , b 0, 0 x	 1, and let0 1 btŽ .
x f h t xŽ .Ž .
w t , x  h t 1  x 1 .Ž . Ž . 2 ž /ž /x x2h tŽ .
Ž .It is clear that we may fix  small enough so that w 0 	 u . We claim0
that if x is small enough and b is large enough, then w is a subsolution of
Ž . Ž . Ž .2.21 . This proves the result, since w t, x  h t 2 for all t 0 and
0	 x	 x2.
 Ž . Ž 2 . Ž . Ž .We now prove the claim. Since f w  w t, 0  0 and w t, 1  0,x
K 2Ž .the boundary conditions are satisfied. Next, note that f s 	 s , so that
2
 2 b x x hf  h  f h bh xŽ . Ž .
2w  h 1 1  x 	 1 ,t 2ž / ž /ž / x x  x2h
2.25Ž .
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 4if x	 4K. We thus fix 0 x	min 1, 4K . For x	 x,
h x f h f h KhŽ . Ž .  
w  2  x 2 x 	 x 2 x 	 x 2 x .Ž . Ž . Ž .x 2x x 2 xh 4 x2h
KŽ .In particular, w 	 0 for x2 x 1. Since w	 h 1 , it follows thatx 4
Ž .there exists C  C K , x such that1 1
x
2f w 	 C h 1 . 2.26Ž . Ž .1x ž /x
2 2Ž . Ž .Finally, on 0, x , w  2w  2ww  2ww . Therefore,x x x x x x x
2 4h 1 f h x f h t xŽ . Ž .Ž .
2w   1  x 1Ž . x x 2 2 ž /ž / ž /x x x x2h 2h tŽ .
x
2C h 1 , 2.27Ž .2 ž /x
Ž . Ž . Ž . Ž .for some constant C  C K , x . Using 2.25 , 2.26 , and 2.27 , we see2 2
Ž . Ž 2 .that if b is large enough, then w  f w  w 	 0, which proves thet x x x
claim.
Ž .Step 3. There exists t  0 and a constant C such that u t , x 	0 0'C 1 x . The proof is very similar to Step 4 of the proof of Theorem 1.3
Ž .ii . We may assume without loss of generality that
14u x 	 C 1 x ,Ž . Ž .0
Ž .for some constant C 1. Set  x  1 x and, given b 1, let
' xŽ .
w t , x  C ,Ž . 't 1 bt  x' Ž . Ž .
for t	 12b. We choose b large enough so that w is a supersolution of
12Ž . Ž . Ž . '2.21 and result follows, since w 0  u and w t, x 	 Ct  x .Ž .0
Ž Ž ..Step 4 proof of the upper estimate of ii . Using Step 3 and a time
'Ž .translation, we may assume that w x 	 C 1 x for some constant C.0
Ž . K K x Ž . Ž . Ž .Let z x  e  e  K x 1 for 0	 x	 1. Since z 1  0 and z x
Ž  0 for all x
 0, 1 , it follows that there exist 0 a A such that
Ž . Ž . Ž .a 1 x 	 z x 	 A 1 x . Given b 0, set
C 'w t , x  z x .Ž . Ž .12a 1 btŽ .
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Ž . Ž .  Ž . Ž . Ž .Note that w 0  u , that w t, 1  0, and that f w  w t, 0 0 x
2 2 Ž .Ž . 	 Ž . 	 	Ž . 	 Ž . Ž .f w t, 0  0. Next, since f w K w K t z x , we havex x
2 12C ba
2 'w  f w  w   z  Kz zŽ . Ž .x x xt 2 ž /Ca 1 btŽ .
2 12C ba
2'  z  K  0,2 ž /Ca 1 btŽ .
Ž .for b 0 small enough. Thus w is a supersolution of 2.21 , and the result
follows.
APPENDIX
This appendix is devoted to the existence and uniqueness results for the
Ž .equation 1.7 announced in the Introduction, as well as the maximum
Ž . Ž .principles for the equations 1.7 and 1.8 . Throughout this section, we
Ž . Ž . Ž .assume 1.2 , 1.3 , and 1.9 . We consider extensions of  and f as in the
Ž .beginning of Section 2 and  defined by 1.10 .
˜Ž . We first state the existence result for the equation 1.7 . Set K u

1Ž . Ž . 4 Ž .H  ;  1  0 and consider u 
 L  , 0	 u 	 1.0 0
Ž . 2Ž . .PROPOSITION 3.1. There exists u
 C 0, , L  such that 0	 uweak
Ž . Ž . Ž . 2 Ž . 1Ž ..	 1 a.e. in 0,    ,  u ,  u 
 L 0,  , H  , u 
loc t
2 1 ˜Ž . Ž Ž .. . Ž Ž .. Ž . Ž .L 0, , H  * ,  u t 
 K a.e. in 0, , u 0  u and satisfyingloc 0
1
1 1² :u , w  u  f u   u w  uŽ . Ž . Ž . Ž .Ž .Ž .Ž H .*, H H x xt
0
˜w 1   u t , 1 	w
 K , 3.1Ž . Ž . Ž . Ž .
for a.a. t 0.
We omit the proof. Proposition 3.1 can be proved by using appropriate
Ž . regularizations artificial viscosity and penalization . See 9, Sects. 2.1 and
2.2 .
Remark 3.2. In the proof of Proposition 3.1, there appear estimates
 Ž . 2   2 Ž which we did not state. In particular, u t 	 u see 9, estimateL L0
Ž . . Ž . 2Ž .2.25 , p. 50 . Since u t pi169 u in L  as t0, this implies that indeed0
Ž . 2Ž . Ž .u t  u in L  as t0; and since u is bounded in L  , we have0
Ž . pŽ . Ž Ž ..u t  u in L  for every p . By uniqueness see Remark 3.8 i ,0
Ž . pŽ ..we deduce that u
 C 0, , L  for every p . Another estimate is
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Ž  Ž . .see 9, estimate 2.25 , p. 50
 12 2
2  u 	 u , 3.2Ž . Ž .Ž .H Lx 020
Ž .which is useful for the study of the asymptotic behaviour of u t as t .
Ž . Ž .We next establish a maximum principle for the equations 1.7 and 1.8 .
We first introduce the notion of super- and subsolution for the equation
Ž .1.7 .
Ž . 2 Ž . .DEFINITION 3.3. Consider u 
 C 0,  , L  such that˜ weak
Ž . Ž . 2 Ž . 1Ž .. 2 Ž . Ž 1Ž .. . u ,  u 
 L 0, , H  and u 
 L 0, , H  * . We say˜ ˜ ˜loc t loc
Ž .that u is a supersolution of 1.7 if for a.a. t 0˜
1
1 1² :u ,   f u   u   1 , 3.3Ž . Ž . Ž . Ž .Ž .˜ ˜ ˜Ž H .*, H H xt x
0
1Ž . Ž .for all 
H  ,  0. We say that u is a subsolution of 1.7 if for a.a.˜
t 0
1
1 1² :u ,   f u   u  	 1 , 3.4Ž . Ž . Ž . Ž .Ž .˜ ˜ ˜Ž H .*, H H xt x
0
1Ž . Ž . Ž Ž ..for all 
H  ,  0, such that  1 	  u t, 1 .˜
Similarly, we introduce the notion of super- and subsolution for the
Ž .equation 1.8 .
Ž . 2 Ž . .DEFINITION 3.4. Consider  
 C 0,  , L  such that˜ weak
Ž . Ž . 2 Ž . . 2 Ž . Ž 1Ž .. .  ,   
 L 0, , V and  
 L 0, , H  * . We say that ˜ ˜ ˜ ˜loc t loc
Ž . Ž .is a supersolution of 1.8 if for a.a. t 0,  t, 0  0 and˜
1
1 1² : ,   f       1 , 3.5Ž . Ž . Ž . Ž .Ž .˜ ˜ ˜Ž H .*, H H xt x
0
1Ž . Ž .for all 
H  such that  0 and  0  0. We say that  is a˜
Ž . Ž .subsolution of 1.7 if for a.a. t 0  t, 0 	 0 and˜
1
1 1² : ,   f      	 1 , 3.6Ž . Ž . Ž . Ž .Ž .˜ ˜ ˜Ž H .*, H H xt x
0
1Ž . Ž . Ž . Ž Ž ..for all 
H  such that  0,  0  0, and  1 	   t, 1 .˜
Remark 3.5. Here are some comments on Definitions 3.3 and 3.4.
Ž . Ž .i Note that the inequality 3.4 is linear in  . Thus, instead of
Ž . 1Ž . Ž .assuming that 3.4 holds for all 
H  such that  0 and  1 	
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Ž Ž .. 1Ž . u t, 1 , we might equivalently assume that it holds for all 
H 
Ž . Ž Ž ..such that  0 and  1  0 if  u t, 1  0. A similar observation can
Ž .be made regarding 3.6 .
Ž . Ž . Ž .ii If u is a solution of 1.7 in the sense of Proposition 3.1 , then u
1Ž .is both a super- and a subsolution. Indeed, consider 
H  ,  0 and
Ž Ž .. Ž . Ž Ž .. Ž . Ž Ž ..let w  u t   . We have w 1   u t, 1   1   u t, 1  0
˜Ž Ž .. Ž .since  u t 
 K. Thus w is an admissible test function in 3.1 , so that
Ž . 1Ž . Ž .we obtain 3.3 . Next, consider 
H  ,  0, such that  1 	
Ž Ž .. Ž Ž .. Ž . u t, 1 , and set w  u t   . We have w 1  0; thus w is an
Ž . Ž .admissible test function in 3.1 , so that we obtain 3.4 .
Ž . Ž . Žiii If  is a solution of 1.8 in the sense specified in the Introduc-
.tion , then  is both a super- and a subsolution. Indeed, note first that V is
1Ž .a closed subspace of H  , so that V * can be identified with a closed
1Ž .subspace of H  * in such a way that if 
 V * and 
 V, then
² : ² : 1 1 ,    ,  . 3.7Ž .V *, V Ž H .*, H
1Ž . Ž . Ž Ž ..Next, consider 
H  with  0 and  0  0 and let w  u t 
Ž . Ž . Ž Ž .. Ž . Ž Ž .. . We have w 0  0 and w 1   u t, 1   1   u t, 1  0 since
Ž Ž .. Ž . u t 
 K. Thus w is an admissible test function in 1.11 , so that we
Ž . 1Ž . Ž .obtain 3.5 . Similarly, consider 
H  with  0,  0  0, and
Ž . Ž Ž .. Ž Ž .. Ž . Ž . 1 	  u t, 1 , and set w  u t   . We have w 0  0 and w 1 
Ž . Ž .0; thus w is an admissible test function in 1.11 , so that we obtain 3.6 .
Ž . Ž .iv It is immediate that if u is a supersolution of 1.7 and if u 0,
Ž . Ž .then u is a supersolution of 1.8 . In particular, if u is a solution of 1.7
Ž .and if u 0, then u is a supersolution of 1.8 .
Ž . Ž .v We introduced the notions of super- and subsolutions on 0, ,
i.e., for t 0. One can obviously introduce similar notions of super- and
Ž .subsolutions on a given time interval 0, T . Note that the comparison
Ž .principle Proposition 3.7 below has a corresponding local version.
Ž .Remark 3.6. Consider a sufficiently smooth function w t, x . One veri-
fies easily the following properties.
Ž . Ž . Ž .i Suppose w  f w   w  0. Then w is a supersolution oft x x x
Ž .  Ž . Ž . Ž .  Ž .1.7 if and only if f w   w t, 0  0 for all t 0 and f w x
Ž . Ž .  Ž . Ž . Ž . w t, 1 	 1 for all t 0. In particular, if f w   w t, 0  0 andx x
Ž .w t, 1  1 for all t 0, then w is a supersolution.
Ž . Ž . Ž .ii Suppose w  f w   w 	 0. Then w is a subsolution oft x x x
Ž .  Ž . Ž . Ž .  Ž .1.7 if and only if f w   w t, 0 	 0 for all t 0 and f w x
Ž . Ž . Ž .  Ž . w t, 1  1 for all t 0 such that w t, 1  0. In particular, if f wx
Ž . Ž . Ž .  w t, 0  0 and w t, 1 	 0 for all t 0, then w is a subsolution.x
Ž . Ž . Ž .iii Suppose w  f w   w  0. Then w is a supersolution oft x x x
Ž . Ž .  Ž . Ž . Ž .1.8 if and only if w t, 0  0 for all t 0 and f w   w t, 1 	 1x
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Ž . Ž .for all t 0. In particular, if w t, 0  0 and w t, 1  1 for all t 0, then
w is a supersolution.
Ž . Ž . Ž .iv Suppose w  f w   w 	 0. Then w is a subsolution oft x x x
Ž . Ž .  Ž . Ž . Ž .1.8 if and only if w t, 0 	 0 for all t 0 and f w   w t, 1  1x
Ž . Ž . Ž .for all t 0 such that w t, 1  0. In particular, if w t, 0 	 0 and w t, 1
	 0 for all t 0, then w is a subsolution.
We have the following maximum principle.
PROPOSITION 3.7. Let u and u be respectiely super- and subsolutions of
Ž . Ž . Ž . Ž . Ž .1.7 . If u 0  u 0 , then u t  u t for all t 0. Similarly, if  and  are
Ž . Ž . Ž . Ž .respectiely super- and subsolutions of 1.8 and if  0  0 , then  t 
Ž . t for all t 0.
 Proof. The proof is adapted from 9 . Formally, the argument consists
Ž . Ž . Ž . Ž .in letting   u   u in 3.3 and 3.4 . This is not allowed, so the
complete argument requires a regularization process through a cut-off and
the introduction of an artificial second time-variable, a usual procedure for
Ž .proving uniqueness of entropic solutions of hyperbolic equations; see
  Ž .12 . We first prove the maximum principle for the equation 1.7 . Given
Ž . 0, consider the approximation H s of the Heaviside function defined
by
0 if s	 0,
s is 0	 s	  ,H s Ž . 
1 if s  ,
and note that
H s 	 s, 3.8Ž . Ž .
Ž Ž Ž .. Ž Ž ...for all s
. Let now t,  0 and let H  u    u t . Since
1Ž .H is Lipschitz continuous, we have 
H  and since H  0 we have 
Ž . 0. Thus  is an admissible test function in 3.3 and we have
1
1 1² :u ,   f u   u   1 .Ž . Ž . Ž .Ž .Ž H .*, H H xt x
0
Ž Ž Ž ...Next,  0 and H is nondecreasing, so that 	H  u  . Applying 
Ž . Ž . Ž Ž ..now 3.8 , we deduce that  1 	  u  , 1 . In particular,  is an
Ž . Ž .admissible test function in 3.4 where we renamed  the time variable
and we have, after dividing through by  ,
1
1 1² :u ,   f u   u  	 1 ;Ž . Ž . Ž .Ž .Ž H .*, H Hr xx
0
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and so
1
1 1² :u  u ,   f u   u  f u   u  	 0,Ž . Ž . Ž . Ž .Ž .Ž .Ž H .*, H H xr t xx
0
3.9Ž .
for a.a. t,  0. We now may proceed exactly as in 9, proof of Proposition
 Ž .2.5 more precisely, starting from the inequality at the end of p. 56 , and
we deduce that
 
u t , x  u t , x dx	 u 0, x  u 0, x dx 0,Ž . Ž . Ž . Ž .H H
 
for all 0	 t	 T. Since T 0 is arbitrary, the result follows. The proof for
Ž .the equation 1.8 is similar, by considering the same test function  .
Remark 3.8. Here are some comments on Proposition 3.7.
Ž . Ž .i It follows from Proposition 3.7 and Remark 3.5 ii that the
Ž .solution of 1.7 given by Proposition 3.1 is unique.
Ž . Ž .ii Consider u 
 L  , 0	 u 	 1, and let u and  be the0 0
Ž . Ž .corresponding solutions of 1.7 and 1.8 , respectively. It follows from
Ž . Ž . Ž . Ž .Proposition 3.7 and Remark 3.5 ii and iv that u t  t for all t 0.
Ž .PROPOSITION 3.9. If u x  1 and u is the corresponding solution of0
Ž .1.7 , then the following properties hold.
Ž . Ž . Ž .i u  	 u s a.e. in  for all 0	 s	  .
Ž . Ž .ii u t, 1  0 for a.a. t 1.
Ž .  Ž . iii u t  0 as t .L
Ž . Ž .Proof. Let 0	 s	  and set  t  u  s t . It follows that  is
Ž . Ž . Ž . Ž .the solution of 1.7 with the initial value  0  u  s . Since u  s
Ž . Ž .	 1 u 0 , we deduce from Proposition 3.7 and Remark 3.5 ii that
Ž . Ž . Ž . t 	 u t for all t 0. Letting t s, we obtain i .
Ž . Ž Ž .. Ž Ž .. Ž .Let now w x   u t, x   u t, 1 in 3.1 . We obtain
² : 1 1u ,  u t , 1 	 u t , 1 . 3.10Ž . Ž . Ž . Ž .Ž . H *, Ht
Ž . Ž .Suppose that u t, 1  0 a.e. on some interval 0, T . It follows in particu-
Ž Ž .. Ž . Ž .lar that  u t, 1  0 a.e. on 0, T , and we deduce from 3.10 that
u T 	 u 0  T	 1 T .Ž . Ž .H H
 
Ž . Ž .Since u 0, we deduce that T	 1. Since u t, 1 is nonincreasing by i ,
Ž .property ii follows.
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Ž . Ž .Next, it follows from i that u t decreases at t  to a function z
with 0	 z	 1. It is not difficult to verify that z is a stationary solution of
˜Ž . Ž .3.1 ; i.e.,  z 
 K and
1
 f z   z w  z w 1   z t , 1 ,Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ž .H x x
0
˜ 1Ž . Ž . Ž .for all w
 K. Letting w  z   with 
H  ,  1  0, we de-
duce that
1
 f z   z   1 .Ž . Ž . Ž .Ž .H x x
0
Ž . Ž .In particular,  may be an arbitrary function in C  , so that f z c
Ž . Ž . Ž . z  c for some constant c
. It follows that c 1  c 0 x
Ž . 1Ž . Ž . Ž . Ž . 1 for all 
H  ,  1  0, so that c 0. Therefore,  z  f zx
Ž Ž .. Ž . Ž . 0. Since  z 1  0 by ii , we deduce that  z 	 0; i.e., z	 0. Thus
Ž . 	 	z 0. We then see that u t decreases to 0 as t . Since u 1, this
implies in particular that
pu t  0, 3.11Ž . Ž .L
Ž . Ž Ž ..as t  for every p . Finally, note that by 3.2 ,  u 
x
2ŽŽ . 2Ž .. Ž .L 0, , L  . Applying 3.11 we deduce that there exists a sequence
Ž Ž .. 1Ž . Ž Ž ..t   such that  u t  0 in H  as n . Thus  u t  0 inn n n
Ž . Ž . Ž .L  . Using i , we conclude that iii holds.
Ž .COROLLARY 3.10. Consider u 
 L  , 0	 u 	 1, and let u and  be0 0
Ž . Ž .the corresponding solutions of 1.7 and 1.8 , respectiely. It follows that
Ž . Ž . Ž . Ž . Ž .0	 t 	 u t 	 c t a.e. in  for some c t with c t  0 as t . In
Ž . Ž .addition, u t, 1  t, 1  0 for a.a. t 1.
Ž .Proof. The result follows from Remark 3.8 ii and Proposition 3.9.
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